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thewTrMcally  and  experimentally.  The  theoretical  investigation  has  developed 
a  multimodal  analysis  method  for  cylindrical  arrays.  The  method  is  similar 
to  that  for  plane  arrays,  whereby  the  field  inside  the  element  is  represented 
as  the  superposition  of  a  set  of  waveguide  modes.  The  method  allows  the 
definition  and  the  precise  evaluation  of  the  driving  point  admittance  of  the 
elements.  A  comparison  between  the  driving  point  admittance  in  planar  e^nd 
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The  experimental  investigation  has  produced  a  considerable  amount  of 
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1.  INTRODUCTION 


This  report  presents  some  recent  advances  in  conformal  array  theory 
and  practice.  The  theoretical  results  consist  of  a  "multimode"  extension  of 
the  "single  mode"  method  of  analysis  for  infinite  periodic  cylindrical  arrays 
of  waveguide  elements  previously  developed  [1].  The  method  is  similar  to 
the  approach  used  in  planar  array  theory  [3-4-5].  For  the  eigenexcitations 
of  the  cylindrical  structure  [1],  the  electric  and  magnetic  fields  external  to 
the  array  are  represented  as  a  superposition  of  cylindrical  space  harmonics 
(cylindrical  waves  matching  the  periodicity  of  the  eigenexcitation).  The  fields 
inside  the  elements  are  represented  as  a  set  of  waveguide  modes.  In  the 
array  repetitive  cell  the  continuity  of  the  electric  and  magnetic  fields  is 
approximately  enforced  by  using  Galerkin's  method.  By  properly  increasing 
the  number  of  waveguide  modes  and  of  space  harmonics  used  in  the  compu¬ 
tation,  the  array  radiation  can  be  characterized  with  any  desired  precision. 
This  fact  has  not  only  theoretical  value,  but  presents  some  practical  advan¬ 
tages  since  the  driving  point  admittance  (for  a  given  eigenexcitation)  of  an 
element  in  the  array  can  be  predicted  accurately  and  matching  networks 
designed  on  the  basis  of  computations. 

The  practical  results  consist  of  a  procedure  for  array  element  design. 

In  cylindrical  array  practice,  as  in  the  plane  case,  one  of  the  biggest 
difficulties  lies  in  the  design  of  a  network  for  matching  the  radiating  element 
to  free  space.  In  this  report  it  is  shown  in  what  conditions  the  Wheeler 
simulator  can  be  used  in  cylindrical  array  elemem  design,  and  a  design  pro¬ 
cedure  is  developed  which  is  analogous  to  what  Knittel  and  Diamond  [12]  have 
proposed  for  plane  arrays.  The  method  indicates  how  to  check  the  correct¬ 
ness  of  the  design,  although  it  does  not  give  an  optimized  (in  some  sense) 
synthesis  method  for  the  matching  network.  A  final  group  of  results  of 
practical  interest  is  represented  by  the  outputs  of  the  tests  performed  on  a 
cylindrical  array  of  284  elements.  The  tests  were  directed  toward  proving 
the  validity  of  the  theoretical  predictions  of  array  element  pattern.  The 
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tests  consisted  in  monitoring  the  receive  pattern  of  an  excited  element  with 
all  other  array  elements  match  terminated.  The  experimental  results  are 
in  excellent  agreement  with  the  computations)  confirming  the  soundness  of 
the  theoretical  approaches  previously  developed  [1-2]. 

The  report  is  organized  in  the  following  way.  In  Section  2  the  method  of 
analysis  for  infinite  periodic  cylindrical  arrays  is  briefly  presented  along 
with  some  computations  showing  the  difference  between  "single"  and  "multi  - 
mode"  analysis.  Section  3  is  devoted  to  a  suggested  procedure  for  cylindrical 
array  design.  In  Section  4  the  array  used  in  the  experimental  tests  is  shown. 
The  experimental  data  are  presented  and  compared  with  numerical  results. 
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2.  MULTIMODE  ANALYSIS  OF  INFINITE  PERIODIC 
CYLINDRICAL  ARRAYS  OF  CIRCULAR  APERTURES 


srture  Field  Match 


Multimode  methods  of  analysis  of  the  radiation  from  an  infinite  periodic 
array  of  waveguide  slots  have  been  already  presented  in  the  literature  [6-7] 
for  rectangular  waveguides.  In  the  following  a  multimode  method  for  circular 
elements  fed  by  waveguides  of  identical  radius  will  be  presented.  The  method 
is  an  extension  of  the  eigenexcitation  approach  given  in  Reference  1. 

The  elements  may  be  filled  with  dielectric.  Only  the  two  orthogonal 
TEjj  modes  circumferentially  and  axially  polarized  are  assumed  to  be  pro¬ 
pagating  in  the  feed  guide.  The  vector  mode  functions  for  the  TE^  mode 
polarized  in  the  axial  and  circumferential  direction  will  be  noted  by  e  (&) 
and  e  (s)  respectively,  s_  being  a  position  vector.  All  other  roc  e  (s) 
are  ordered  by  increasing  cut-off  frequency.  To  simplify  the  trea.ment  the 
element  aperture  tangential  electric  field  distribution  is  assumed  to  be 
represented  with  good  accuracy  by  a  superposition  of  the  TE^'s  and  the 
first  Q  modes  [8].  Then,  with  the  notations  of  Section  3  of  Reference  1, 
for  a  given  eigenexcitation  £(uq)  the  tangential  electric  field  of  the  reference 
element  excited  with  axial  polarization  can  be  represented  by 


where  T  (u  )  is  the  reflection  coefficient  of  the  excited  axial  mode,  and 
a  — o 

r  (u  )  and  r  (u  )  are  cross  coupling  coefficients  representing  the  passive 
ac  — o  as  — o  ” 

excitation  of  the  other  modes. 

The  traverse  electric  field  on  the  cylindrical  surface  can  be  represented 
by  the  following  Floquet's  double  series  [1]: 
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+0O  +00 

Jj£  (•)  =  ^  ^  A  (uopq)  e’^-opq-^  (2-2) 

ps*Q0 


The  continuity  of  the  tangential  electric  field  is  approximately  enforced  by 
applying  a  procedure  entirely  similar  to  die  plane  case  [3];  one  obtains  the 
following  expression  for  the  space  harmonics: 


£  A  (“op,) 


r.c<Ho>  4(2opq>  + 


8  =  1 


r  (u  )  s  (u  ) 

1  as -o--e  '-opq' 


(2-3) 


where  C  is  the  area  of  the  elementary  cell  and  £  (u  ),  $  (u  )  and 

-a  —opq  — c  —opq 

jMu0pq)  are  the  Fourier  transforms  of  the  modes  £  (4)  and  e^fs.) 

whose  explicit  expressions  are  given  in  Appendix  A. 

The  continuity  of  the  magnetic  field  can  be  approximately  enforced  by  an 
analogous  procedure.  With  the  notations  of  Section  3  of  [1],  the  tangential 
magnetic  field  at  the  reference  element  aperture  is  given  by: 


litte)  =  PQX 


Gao  +  <1+ W^aoW^  + 


•r  (u  )  (G  -  jB  )  e  (s) 
ac  — o  co  J  co  — c  — 


Q 


Lr  (u  )Y  e  (s) 
as  — o  8—s  — 

S  =  1 


where  the  Y  are  the  characteristic  admittances  of  the  modes  e  (s 
s  — s  — 

The  external  tangential  magnetic  field  is  given  by  the  following  Floquet's 
expansion 
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!L4<8)  ^ 
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p=  -oc  q=  -oo 


+b%pq)A=(“oM)!“  +  [c(lW  V^pq*  +  d,iopq)  'V^opq1 1  ♦(  ,2-5) 


wh.re  A+  (u^pq)  »nd  Az  (“opq>  are  the  components  of  Afu^);  afu^), 

C(U  )  and  d(iL, are  8iven  in[ll. 

— Op<J  °P4  m  | 

If  the  equality  of  the  H^s)  and  Hj.(s)  i«  approximately  enforced,  the 
following  set  of  equations  is  obtained  (Appendix  B): 


G  -[L  (u  )-jB  ]  =  T  (u  )[L  (u  )  +  G  -jB  j 
ao  1  aa  ^o  J  aoJ  a  — o  1  aa  — o  ao  J  aoJ 


Q 

+  T  (u  )L  (u)+y  T  (u  )L  (u  )  (2 

ac  — o  ac  — o  /  >  as  — o  as  — o 

s  =  1 


-6) 


■L  (u  )  =  T  (u  )  L  (u  )  +  T  (u  )[L  (u  )+G  -jB  ] 
ca  — o  a  — o  ca  — o  ac  -o  1  cc  — o  co  J  coJ 


Q 

+  ^ '  r  (u  )  l  (u  ) 

r  /  i  as  — o  cs  — o 

s  - 1 


(2-7) 


•L.  (u  )  =  r  (u  )L,  (u  )  +  r  (u  )  L,  (u  ) 
ka  — o  a  ~ o  ka  — o  ac  —  o  kc  — o 

Q 

+  £  ras^»lLk,'Vt6kaYsl 


(2-8) 


s  =  1 


where  6,  is  Kronecker's  delta  and  L  Ju  )  are  rather  complicated  functions, 
ks  rt  — o 

whose  explicit  expressions  are  given  in  Appendix  B.  The  physical  interpre¬ 
tation  of  the  L  Ju  )  is  that  of  self  (r  =  t)  and  mutual  (r  /  t)  admittance  of  the 
rt  — o  ' 
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modes  for  a  given  eigenexcitation.  Once  the  system  of  Equations  (Equations 
(2-6)  through  (2-8))  is  solved,  the  tangential  electric  field  distribution  at  the 
element  apertures  is  determined  and  tbeir  pattern  can  be  straightforwardly 
obtained  by  applying  the  methods  described  in  [1].  !t  is  worth  noticing  that 
the  system  of  equations  (Equations  (2-6)  through  (2-8))  provides  the  reflection 
coefficient  I*  (u^  of  the  actively  excited  mode  and  the  amplitude  of  the  vol¬ 
tages  of  the  other  modes  excited  at  the  aperture,  if  GaQ  and  B&o  (parameters 
of  the  matching  network)  are  known.  On  the  other  hand  if  the  system  of 
equations  (Equations  (2-6)  through  (2-8))  is  solved  for  Y  *  G  +  jB  by 
imposing  the  condition  I^u^)  =  0,  the  resulting  value  of  YaQ  represents  the 
driving  point  admittance  of  the  actively  excited  mode  for  a  given 
eigenexcitation. 

So  far  only  the  axial  mode  has  been  actively  excited.  If  the  circum¬ 
ferential  TEjj  is  actively  excited  (with  the  same  eigenexcitation  in  the  array) 
a  perfectly  similar  treatment  can  be  done,  obtaining  the  equations  for  the 
reflection  coefficient  Tc(uo)  and  the  voltages  of  the  other  modes  passively 
excited  at  the  aperture.  The  new  system  of  equations  is  obtained  by  per¬ 
muting  the  subscripts  a  and  c  in  Equations  (2-6)  through  (2-8).  The  general 
case  is  obtained  by  superposition.  Some  numerical  results  obtained  by 
applying  multimodal  analysis  to  a  particular  cylindrical  array  are  shown  in 
the  next  section. 

2.  2  Numerical  Results 

A  few  illustrative  examples  of  the  results  given  by  the  multimode  analy¬ 
sis  will  be  presented  here.  They  are  intended  to  show  the  difference  between 
"one  mode"  and  "multimode"  analysis.  For  this  purpose  only  results  of  com¬ 
putations  relative  to  an  array  previously  analyzed  [!  ]  will  be  presented.  The 
cylinder  radius  is  approximately  1 1  wavelengths  and  the  element  spacing  is 
shown  in  Figure  2-1.  The  element  aperture  radius  is  0.  22X  and  the  element 
waveguides  are  filled  by  *  dielectric  with  er  =  2.  5.  In  these  conditions  only 
the  TEjj  mode  can  propagate  in  the  waveguides,  all  other  modes  being  below 
cu  :-off. 
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While  performing  numerical  analysis,  particular  attention  was  devoted 
to  the  question  of  relative  convergence  [9]  and  no  such  condition  was  found 
for  this  special  case.  A  relative  convergence  type  of  solution  for  cylindrical 
arrays  is  expected  to  exist  only  for  the  same  kind  of  elements  that  give  rela¬ 
tive  convergence  in  planar  arrays  [9].  Although  no  numerical  research  has 
been  performed  to  prove  it,  this  statement  is  thought  to  be  basically  correct 
since  the  relative  convergence  phenomenon  seems  to  be  related  to  the  alge¬ 
braic  method  of  solution  (i.  e.,  Galerkin's  or  similar  methods)  rather  than 
to  the  nature  of  space  harmonics  (planar  or  cylindrical)  of  the  external  fields. 
A  set  of  element  patterns  for  equiphase  match  [  1  ]  is  shown  in  Figures  2-2 
and  2-3  for  circumferential  and  axial  polarization  respectively.  On  the  same 
figure  the  "one  mode"  element  pattern  previously  computed  [  1  ]  is  shown  for 
reference. 

No  substantial  variation  is  present  in  the  element  patterns  for  single 
mode  or  multimode  analysis.  The  results  show  that  as  in  the  plane  array 
case  [4],  the  on*;  mode  approximation  is  indeed  satisfactory  unless  second 
or  third  mode  resonances  are  present  [3]. 
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Figure  2-2  -  Circumferential  Polarization  -  Circumferential  Cut 

Equiphase  Match 


Figure  2-3  -  Axial  Polarization  -  Circumferential  Cut  -  Equiphase  Match 
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Figures  2-4  and  2-5  show  the  array  element  pattern  in  the  circumfer¬ 
ential  plane  for  circumferential  and  axial  polarization  respectively.  Both 
polarization  ports  are  matched  for  the  eigenexcitation  [1]  (i/R  =  2ir/Asir»  80°, 
wq  =  0).  In  this  case  too  no  appreciable  variation  is  detected  in  the  results 
for  one  mode  and  multimode  analysis.  Similar  behavior  is  shown  by  the 
patterns  in  the  axial  plane  (Figures  2-6  and  2-7). 

More  substantial  variation  with  the  number  of  waveguide  modes  used  in 
the  computations  is  presented  by  the  element  driving  point  admittance  for  a 
given  eigenexcitation.  Figures  2-8  and  2-9  show  the  driving  point  admittance 
of  the  elements  versus  number  of  waveguide  modes  for  the  eigenexcitations 
e(i/R  =  2?r/X  sin  80°,  wq  =  0)  and  e(i/R  =  0,  wq  =  2 tt/A  sin  80°)  respectively. 
The  absolute  convergence  of  the  driving  point  admittance  versus  number  of 
waveguide  modes  (400  space  harmonics  have  been  consistently  used  in  the 
computations)  is  clearly  shown  by  Figures  2-8  and  2-9,  since  the  computed 
values  tend  to  a  definite  limit  as  the  number  of  modes  is  increased.  As  can 
be  seen,  the  one  mode  analysis  would  give  admittance  values  considerably  in 
error. 


Figure  2-4  -  Circumferential  Polarization  -  Circumferential  Cut  -  Match  for 

e(i/R  =  2ir/A  sin  80°,  wq  =  0) 
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Figure  2-5  -  Axial  Polarization  -  Circumferential  -  Cut  Match  tor 

e(i/R  =  Zit  /\  sin  80°,  wq  =  0) 
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Figure  2-6  -  Circumferential  Polarization  -  Axial  Cut  -  Equiphase  Match 
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Figure  L~1  -  Axial  Polarization  -  Axial  Cut  -  Equiphase  Match 
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Figure  2-8  -  Driving  Point  Admittance  of  Elements  -  Eigenexcitation 

e(i/R  =  27t/A  sin  30°,  wq  =  0) 
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3.  A  PROCEDURE  FOR  THE  DESIGN  OF  WAVEGUIDE 
ELEMENTS  FOR  A  CONFORMAL  PHASED  ARRAY 

ON  A  CYLINDER 


3.  I  General  Considerations 

In  cylindrical  array  design,  as  in  plane  array  practice,  one  of  the  most 
difficult  steps  consists  in  the  design  of  a  network  matching  the  radiating 
element  to  free  space  to  reduce  the  reflection  at  the  interface.  Basically 
two  approaches  have  been  introduced  for  the  design  of  plane  array  elements 
[  10-11-12]: 

1)  Methods  which  rely  on  computed  values  of  the  element  reflec¬ 
tion  coefficient  to  synthetize  a  matching  network  and  on  Wheeler 
simulators  to  confirm  the  correctness  of  the  design 

2)  Small  array  techniques  [10].  These  are  available,  but  are  not 
recommended  except  in  a  few  special  cases. 

It  is  worth  noticing  that  these  approaches  only  suggest  ways  of  checking  the 
design  of  a  matching  network  and  do  not  represent  true  network  synthesis 
methods. 

Of  the  two  approaches  mentioned  previously  only  the  small  array  techni¬ 
ques  can  be  correctly  applied  to  cylindrical  arrays,  since  these  antennas  lack 
the  symmetries  required  by  the  Wheeler  simulators.  Small  array  techniques, 
however,  have  a  serious  drawback,  since  in  order  to  make  a  measurement  of 
power  reflected  in  the  element,  the  array  feed  must  be  built,  making  the 
approach  expensive.  On  the  other  hand,  if  measurements  are  performed  with 
the  small  array  in  receive,  so  that  no  feed  is  required,  the  results  are  not 
very  precise,  since  only  the  element  patterns  can  be  monitored,  and  these 
depend  on  the  square  of  the  reflection  coefficient.  Thus,  one  could  be  some¬ 
what  off  in  the  desired  matching  condition  of  the  elements  and  still  monitor 
a  good  pattern. 

From  these  considereations  it  seems  that,  for  lack  of  a  device  like  a 
Wheeler  simulator,  conformal  array  element  design  is  bound  to  be  either 
expensive  or  imprecise.  Multimodal  analysis  and  the  concept  of  eigenexcita- 
tion  help  in  alleviating  this  situation. 
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3. 2  Comparison  of  Admittance  Values  in  Cylindrical  and  Plane  Arrays 

In  Section  2  it  was  shown  that  multimode  analysis  makes  possible  the 
computation  of  the  array  element  driving  piint  admittance  for  a  given 
eigenexcitation.  An  eigenexcitation  (or  characteristic  excitation)  is  charac¬ 
terized  by  the  property  of  having  the  same  transverse  electric  field  distribu¬ 
tion  at  the  elements  except  for  a  progressive  phase  term.  In  infinite 
cylindrical  array  an  eigenexcitation  gives  rise  to  a  cylindrical  space  harmonic 
matching  the  periodicity  of  the  excitation,  just  as  in  planar  arrays  a  linear 
phase  front  (eigenexcitation)  produces  a  plane  wave  (plane  space  harmonic). 
The  eigenexcitations  bring  out  the  similarity  between  cylindrical  and  planar 
arrays.  There  is,  however,  a  substantial  difference.  When  a  plane  array 
is  phased  to  radiate  in  a  certain  direction  all  the  elements  are  steered  away 
from  their  normals  by  the  same  amount  so  that  essentially  one  space  har¬ 
monic  is  excited  (except  for  edge  effects)  and  a  driving  point  admittance  can 
be  defined.  When  a  cylindrical  array  is  forced  to  radiate  a  plane  wave  in  a 
given  direction,  not  only  one,  but  an  infinite  number  of  cylindrical  space 
harmonics  are  excited,  since  the  elements  In  general  are  steered  in  different 
directions  from  their  normals.  The  same  would  happen  if  one  tried  to  radiate 
a  cylindrical  wave  from  a  planar  array.  Since  an  infinite  numbe,  of  space 
harmonics  are  excited,  the  array  excitation  must  be  given  by  the  super¬ 
position  of  an  infinite  number  of  eigenexcitations,  and  a  driving  point  admit¬ 
tance  of  the  elements  cannot  be  rigorously  defined.  However,  it  has  been 
shown  [1]  that  a  particular  set  of  space  harmo:,.cs  is  strongly  excited,  namely 
the  set  with  wavenumbers  (i/R,  w  )  close  to  the  direction  cosines  of  the 
desired  plane  wave.  Consequently  to  radiate  this  plane  wave  efficiently,  the 
array  elements  must  be  matched  to  the  admittance  of  the  eigenexcitation 
(i/R,  wq)  and  in  this  sense  a  driving  point  admittance  can  be  defined.  If  all 
the  elements  are  matched  icr  the  admittance  of  the  eigenexcitation  (i/R,  wq), 
the  array  is  not  perfectly  matched  in  an  absolute  sense,  but  is  matched  in 
the  best  possible  way  if  the  same  network  is  used  in  each  element.  Of  course, 
better  matching  conditions  and  higher  array  gain  can  be  achieved  in  a  given 
direction  if  different  matching  networks  are  used  in  the  various  elementr. 

This  solution,  however,  is  not  attractive  in  practive,  especially  for  cylin¬ 
drical  arrays  with  a  large  number  of  elements. 
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Having  defined  what  is  meant  by  driving  point  admittance  in  a  cylindrical 
array  excited  tc  radiate  a  plane  wave,  let  us  compare  cylindrical  and  planar 
values.  Table  2-1  shows  the  computed  admittance  for  a  plane  and  a  cylin¬ 
drical  array.  The  cylindrical  array  has  a  radius  of  11.  6 IX  and  the  spacing 
of  Figure  2-’.  The  computations  have  been  performed  using  a  great  number 
of  waveguide  modes  (15)  and  space  harmonics  (400)  so  they  are  very  precise 
for  all  practical  purposes.  As  can  be  seen  in  the  circumferential  plane  the 
circumferential  polarization  gives  a  substantial  diffeience  between  plane  and 
cylindrical  array,  but  in  the  axial  plane  for  axial  polarization  the  variation 
is  slight. 

Table  2-2  gives  the  computed  values  of  the  element  driving  point  admit¬ 
tance  in  the  circumferential  plane  for  axial  polarization.  The  discrepancy 
between  this  and  the  corresponding  planar  case  is  very  small  for  eigenexcita- 
tions  with  wave  number  up  to  i/R  =  2tr/X  sin  60°.  On  ti  e  other  hand  sub¬ 
stantial  differences  are  shown  by  the  admittance  values  of  plane  and  cylindrical 
arrays  in  the  axial  plane  for  circumferential  polarization  (Table  2-3).  This 
behavior  of  the  element  driving  point  admittance  can  be  simply  explained.  It 
is  well  known  [13]  that  element  mutual  coupling,  the  determining  factor  of  the 
driving  point  admittance,  occurs  mainly  in  directions  close  to  the  E-plane  of 
the  elements,  while  there  is  relatively  little  coupling  along  the  H-plane  direc¬ 
tion.  For  this  reason  axially  polarized  elements  on  a  cylinder  are  coupled 
in  a  manner  similar  to  that  for  the  elements  of  a  plane  array  (for  a  cylinder 
radius  of  about  10X  or  more).  Only  when  phasing  conditions  are  such  as  to 
strongly  excite  H-plane  coupling  (eigenexcitations  with  wave  number  i/R  close 
to  2t r/X  ),  does  the  presence  of  the  curvature  affect  the  element  driving  point 
admittance,  causing  a  difference  between  cylindrical  and  planar  case.  The 
opposite  is  true  for  circumferentially  polarized  elements.  Since  their 
coupling  occurs  basically  along  the  direction  of  the  cylinder  curvature,  a 
substantial  departure  from  the  plane  case  can  be  expected.  Only  when  excited 
so  as  to  radiate  at  extreme  angles  in  the  axial  plane  do  the  circumferentially 
polarized  elements  of  a  cylindrical  array  approach  the  planar  array  coupling 
conditions.  However,  as  the  cylinder  radius  is  increased,  one  can  expect 
that  the  circumferentially  polarized  elements  will  approach  planar  mutual 
coupling  conditions. 
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TABLE  3-1 

NORMALIZED  DRIVING  POINT  ADMITTANCE  VALUES 


Axial  Polarization  -  Axial  Plane 

Plane  Array 

Cylindrical  Array  (R  =  11.61) 

Broadside  0.  5173 -jO.  6818 

80  deg  from 

Broadside  1.  7014  +  jO.  3299 

e(i/R  =  0,  wq  =  0)  0.  5174  -  jO.  6685 

e(i/R  =  0,  wq  = 

2 tr/ A  s in  80 0 )  1 . 757  1  +  jO.  3289 

Circumferential  Polarization  -  Circumferential  Plane 

Broadside  0.  5173  -  jO.  6743 

80  deg  from 

Broadside  2.  1306  +jl.  2389 

e(i/R=0,  w  =0)  0.  5173  -  jO.  4410 

e(i/R  =2?r/A  sin 

80 0 

wq  =  0)  1. 6435  +  jl.  0133 

TABLE  3-2 

NORMALIZED  DRIVING  POINT  ADMITTANCE  VALUES 


Axial  Polarization  -  Circumferential  Plane 

Plane  Array 

Cylindrical  Array  (R  =  11.61) 

40  deg  from 

Broadside  0.  3498  -  jO.  54  10 

60  deg  from 

Broadside  0.  2073  -  jO.  4 198 

80  deg  from 

Broadside  0.  0670  -  jO.  3 165 

e(i/R  =  2?r  /A  sin 

40°,  wq  =  0)  0.  3431  -  jO.  5067 

e(i/R  =  2ff /A  sin 

60°,  wq  =  0)  0.2213  -  jO.  4279 

e(i/’R  -2 7T  /A  sin 

80°,  wq  =  0)  0.  1452  -  jO.  2913 
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TABLE  3-3 

NORMALIZED  DRIVING  POINT  ADMITTANCE  VALUES 


Circumferential  Polarization  -  Axial  Plane 

Plane  Array 

Cylindrical  Array  (R  =  11.61) 

40  deg  i  om 

Broadside  0.  3507  -  jO.  4986 

60  deg  from 

Broadside  0.  207  1  -  jO.  307  1 

80  deg  from 

Broadside  0.  0674  -  jO.  15*74 

e(i/R  =  0,  w0  = 

2 it/ A  sin  40°)  0.  3862  -  jO.  3363 

e(i/R  =  0,  \v0 

2it/A  sin  60°)  0.  2963  -  jO.  2  14 1 

e(i/R  -  0,  wQ 

2tt/A  sin  80 a)  0.  0822  -  jO.  1 190 

Let  us  suppose  now  that  a  Wheeler  simulator  is  used  to  design  an  axially 
polarized  element  of  a  cylindrical  array  with  radius  of  10A  or  more.  The 
element  matching  network  would  be  matched  at  the  planar  array  admittance 
value  and  an  error  would  be  present.  This  error  however  is  going  to  be  far 
smaller  than  when  using  a  small  array  in  receive,  which  constitutes  a  design 
tool  comparable  in  cost  to  a  Wheeler  simulator. 

3.  3  A  Design  Method  Foe  Cylindrical  Array  Elements 

From  the  preceding  considerations  it  is  clear  that  the  design  of  axially 
polarized  elements  on  cylindrical  arrays  with  radius  greater  than  10A  can 
follow  the  guidelines  used  in  planar  array  practice.  A  procedure  for  cylin¬ 
drical  array  element  design,  similar  to  the  one  proposed  by  Diamond  and 
Knittel  [12]  for  plane  arrays,  is  suggested  here  and  is  based  on  the  use  of 
computations  and  Wheeler  simulators.  The  procedure  consists  of  four  steps: 

1)  Select  the  element  geometry  and  the  matched  cigenex.  '‘rtion 
cc  ar,  tc*  achieve  ihv.  required  coverage 

2)  Compute  the  driving  point  admittance  of  the  array  (in  the  sense 
specified  at  3.2  versus  scan  conditions  and  frequency) 

3)  Synthesize  a  matching  (to  the  selected  eigenexcitation)  network 
on  the  basis  of  previous  computations 

4)  Confirm  the  network  design  by  the  means  of  a  Wheeler  simulator 
in  the  axial  or  circumferential  plane 
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Ai>  pointed  out  before,  the  procedure  can  be  applied  only  to  cylinders  with 
radius  bigger  than  10A  and  axially  polarized  elements.  If  the  cylinder 
radius  is  increased,  the  preceding  method  can  become  of  general  applica¬ 
tion.  A  bound  to  the  error  in  each  case  can  be  evaluated  by  performing  an 
accurate  computation  of  the  driving  point  admittance  of  planar  and  cylindrical 
arrays. 
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4.  EXPERIMENTAL  INVESTIGATION 


4.  1  Experimental  Program 

An  experimental  program  has  been  conducted  to  check  the  validity  of  the 
theoretical  methods  for  the  determination  of  the  array  element  pattern  [1-2]. 
In  particular,  the  program  included  experimental  tests  to  check  the  modifica¬ 
tion  of  the  realized  gain  pattern  due  to  the  matching  network  (pattern  shaping 
network)  introduced  [1]  to  increase  the  coverage  of  the  array.  The  tests 
consisted  in  monitoring  the  gain  and  the  receive  patterns  in  the  axial  and 
circumferential  plane  of  an  excited  radiator  with  all  other  elements  match 
terminated.  The  excited  element  was  moved  within  the  array  to  record  edge 
effects. 

The  tests  were  performed  on  the  cylindrical  array  shown  in  Figure  4-1. 
The  cylindrical  structure  has  a  radius  of  16.  5  in.,  corresponding  to  11.  6 IX 
at  8.  3  GHz,  the  frequency  of  operation  of  the  array.  The  element  lattice  is 
the  one  shov/n  in  Figure  2-1.  The  element  spacing  is  0.81  in.  corresponding 
to  0.  577X  at  8.  3  GHz.  Conventionally  the  array  rows  are  in  the  circum¬ 
ferential  direction,  the  columns  in  the  axial.  The  angular  extent  of  the  array 
is  about  50  deg.  The  array  shape  is  approximately  a  square  with  12-in. 
sid@s.  There  are  27  rows  and  21  columns.  The  height  of  the  cylinder  is 
about  20  in.  The  edges  have  been  extended  and  rounded  with  a  structure 
(not  shown  in  Figure  4-1)  to  decrease  the  ground  plane  edge  effects.  There 
are  284  elements  in  the  array.  The  elements  are  circular  waveguides  with 
0.  32  in.  radius,  corresponding  to  0.  22X  at  8.  3  GHz.  At  this  frequency  only 
the  TEn  mode  is  propagating  and  all  others  are  below  cut-off.  The  wave¬ 
guides  are  match  terminated.  Only  one  element  is  excited  and  its  waveguide 
terminates  in  a  transition  to  rectangular  waveguide.  The  transition  was 
designed  for  this  application  and  was  matched  very  carefully  at  8.  3  GHz. 
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Tests  were  performed  for  four  different  element  shaping  networks  in  the 
waveguides.  With  reference  to  Section  1,  the  element  apertures  were  matched 
for  the  following  three  different  eigenexcitations: 

1)  e(i/R  =  0.  wq  =  0),  equiphase  excitation  [  1  ],  corresponding  to 
broadside  match  in  planar  arrays.  Both  circumferential  and 
axial  polarization  matching  networks  have  been  built. 

2)  e(i/R  =  lv/\  sin  80°,  wQ  =  0),  corresponding  to  matching 

at  80  deg  from  broadside  in  the  circumferential  direction  for 
a  plane  array.  Only  the  circumferential  polarization  has  been 
matched  for  this  eigenexcitation. 

3)  e(i/R  =  0,  wQ  =  Zv/\  sin  80°),  corresponding  to  a  match  at 

80  deg  from  broadside  in  the  axial  direction  for  a  planar  array. 
Only  the  axial  polarization  has  been  matched  in  this  condition. 

An  element  with  its  four  matching  networks  is  shown  in  Figure  4-2.  The 
networks  were  designed  on  the  basis  of  the  numerical  computations  of  the 
driving  point  admittance  presented  in  Section  1.  The  desired  matching 


Figure  4-2  -  Conformal  Array  Element 
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conditions  for  the  elements  are  obtained  by  plating  a  copper  coating  and  two 
copper  tabs  of  a  certain  penetration  on  the  dielectric  filling  the  waveguide 
at  a  suitable  distance  from  the  aperture.  The  networks  match  only  one 
polarization  (the  other  one  is  simply  terminated)  since  the  two  polarizations 
are  completely  decoupled  for  scanning  in  the  axial  and  the  circumferential 
plane.  With  reference  to  Figure  4-2,  the  networks  1  and  2  match  axial  and 
circumferential  polarization  respectively  for  the  eigenexcitation  e(i/R  =  0, 
wq  =  0),  network  3  matches  the  circumferential  polarization  for  e(i/R  -• 

2ir/A  sin  80®,  wQ  =  0)  and  network  4  the  axial  polarization  for  e(i/R  =  0. 
wq  =  2tr/A  sin  80°).  The  patterns  presented  in  the  following  paragraph 
were  recorded  at  the  antenna  range  of  the  Bedford  Facilities  of  Raytheon 
Company. 

4.  2  Experimental  Results 

A  large  amount  of  experimental  data  has  been  collected.  The  element 
patterns  relative  to  the  axial  polarization  in  the  axial  plane  show  interesting 
effects  due  to  the  finite  size  of  both  array  and  ground  plane.  A  set  of  these 
experimental  data  will  be  presented  first. 

Figure  4-3  shows  the  recorded  pattern  in  the  axial  plane  of  an  element 
at  the  center  of  the  array.  The  elements  are  axially  polarized  and  are 
matched  for  the  eigenexcitation  e(i/R  =  0,  wq  =  0)  (equiphase  match).  Super¬ 
imposed  on  the  recorded  pattern  are  the  computations  using  the  infinite  array 
model,  plotted  with  a  broken  line.  The  solid  line  represents  the  pattern 
computed  with  the  finite  array  model  [2].  This  model  represents  the  antenna 
as  a  finite  array  over  an  infinite  conducting  cylinder. 

There  are  two  edge  effects  worthwhile  noticing  in  Figure  4-3.  The  first 
is  due  to  the  finite  dimension  of  the  ground  plane  an  i  causes  the  experimental 
pattern  to  depart  from  the  data  computed  with  the  infinite  ground  plane  model 
in  the  last  18  deg  before  endfire.  The  other  is  due  to  the  array  finite  dimen¬ 
sions  and  forces  the  radiation  of  the  element  in  the  region  50  -  70  deg  from 
the  element  normal  below  the  level  predicted  for  the  infinite  array  model  of 
as  much  as  2  dB.  The  result  shows  how  inaccurate  the  infinite  array  model 
is  in  predicting  the  gain  versus  scan  for  a  30  dB  array.  Interestingly 
enough,  the  infinite  model  is  too  optimistic  in  predicting  the  element  gain  in 

the  region  50  -  70  deg  from  the  radiator  normal. 
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Figure  4-3  -  Equiphase  Match,  Axial  Polarization,  Axial  Cut 
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Figure  4-4  is  the  pattern  in  the  axial  plane  of  the  edge  element  of  the 
center  column.  The  array  is  at  the  right  of  the  radiator;  polarization  and 
matching  conditions  are  as  in  the  preceding  case.  The  ground  plane  edge  is 
very  close  to  the  element  («  4A  away),  so  in*the  first  40  deg  from  endfire 
the  left  side  of  the  experimental  pattern  is  substantially  different  from  the 
prediction  based  on  infinite  ground  plane.  On  the  side  of  the  array  the 
recorded  data  follow  very  closely  the  computed  pattern  up  to  about  12  deg  from 
endfire.  The  measured  (by  the  means  of  a  horn  standard)  boresight  gain  of 
a  center  element  is  5.4  dBi,  which  compares  very  well  with  the  theoretical 
gain  of  5.  5  dBi,  predicted  by  the  infinite  array  model  for  an  element  matched 
in  the  boresight  direction: 

Gain  =  4ir  -A 
A* 

where  A  is  the  periodic  cell  area  [14].  The  measured  boresight  gain  of  the 
edge  element  is  about  the  same  as  the  gain  of  a  center  element.  The  bore¬ 
sight  gain  variation  versus  element  position  predicted  by  the  finite  array 
model  is  shown  in  Figure  4-5. 

Figure  4-6  shows  experimental  and  computed  axial  pattern  cuts  of  an 
element  at  the  center  of  the  array,  axially  polarized,  but  with  the  matching 
arranged  for  the  eigenexcitation  e(i/R  =  0,  wq  2ir/A  sin  80°).  The 
measured  boresight  gain  of  the  element  is  3.  3  dBi,  which  compares  very 
well  with  the  theoretical  gain  of  3.  5  dBi,  predicted  by  both  the  finite  and  the 
infinite  array  model  [1-2].  The  element  boresight  gain  variation  versus 
position  in  the  center  column  is  shown  in  Figure  4-7.  The  elements  are 
again  matched  for  the  eigenexcitation  e(i/R  =  0,  wq  =  2ir/A  sin  80°).  For 
this  matching  condition  Figure  4-8  gives  computed  and  measured  patterns  of 
the  edge  element  of  the  center  column.  The  array  is  at  the  left  of  the  excited 
radiator.  By  comparing  Figure  4-8  with  Figure  4-4  the  effects  of  the  dif¬ 
ferent  matching  conditions  can  be  clearly  distinguished.  The  element  pattern 
of  Figure  4-4  is  11.5  dB  below  the  boresight  level  at  75  deg  from  the  element 
normal  on  the  side  of  the  array.  The  pattern  of  Figure  4-8  shows  in  the  same 
direction  a  loss  of  only  6  dB.  Analogous  features  are  detected  in  Figure  4-3 
is  compared  with  Figure  4-6. 
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Figure  4-4  -  Equiphase  Match,  Axial  Polarization,  Axial  Cut 
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Figure  4-5  -  Element  Boresight  Gain  Variation 


arc;  4-6  -  Match  for  c«(i/R  -  0,  wQ  2tt/A  sin  80°)  Axial  Polarization, 

Axial  Cut 


4-9 


Figure  4-7  -  Element  Boresight  Gain  Variation 
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Figure  4-9  shows  the  circumferential  pattern  of  a  center  element  axially 

polarized.  The  array  is  matched  for  the  eigenexcitation  sfi/R  =  0,  wQ  =  0). 

Because  of  lack  of  edge  effects,  in  the  circumferential  plane  experimental 

and  computed  data  are  in  excellent  agreement  down  to  very  low  level  of 

radiation.  The  lack  of  edge  effects  from  the  array  and  from  the  ground  plane, 

due  to  the  polarization  of  the  elements  and  the  curvature  of  the  cylinder, 

causes  the  element  pattern  to  change  very  little  as  the  element  position  is 

moved  along  the  row  (Figure  4-10).  Analogous  features  are  presented  by  the 

circumferential  cuts  of  elements  axially  polarized  and  matched  for 

e(i/R  =  0,  w  =  2tr/X  sin  80°). 
o 

Excellent  agreement  between  experimental  and  computed  patterns  is 
shown  in  the  circumferential  plane  by  circumferentially  polarized  radiators. 
Figure  4-11  gives  the  pattern  of  a  center  element.  The  array  is  matched  for 
the  eigenexcitation  e(i/R  =  0,  wq  =  0).  The  infinite  array  model  has  been  used 
in  the  computations.  The  element  pattern  does  not  change  substantially  going 
around  a  row  in  the  circumferential  sense  as  shown  in  Figure  4-12.  The 
reason  for  this  lies  in  the  fact  that  the  curvature  has  a  bigger  effect  that  the 
array  edge.  In  order  to  have  edge  effects  there  must  be  a  wave  propagating 
along  the  array  surface  which  is  reflected  at  the  edge  and  tends  to  alter  the 
element  excitation  [2].  This  is  indeed  what  happens  in  the  axial  plane.  In 
the  circumferential  plane  this  wave,  instead  of  propagating  along  the  array 
surface,  tends  to  peel  off  the  cylindrical  p'./face  and  be  radiated,  so  the  edge 
is  not  strongly  excited.  These  considerations  are  true  for  array  sizes  and 
cylinder  radii  around  the  value  considered  in  this  experimental  program.  If 
the  cylinder  radius  is  increased,  and  the  array  size  is  kept  constant,  one  can 
expect  the  edge  effects  in  the  circumferential  plane  to  become  stronger. 

Figure  4-13  shows  the  axial  cut  of  an  element  at  the  center  of  the  array. 
The  polarization  is  circumferential  and  the  match  is  for  the  eigenexcitation 
e(i/R  =  0,  wq  =  0).  No  relevant  edge  effects  were  detected  for  this  pattern 
cut  by  moving  the  element  to  the  border  of  the  array  (Figure  4-14).  The 
pattern  of  a  center  element  for  circumferential  polarization  in  the  circum¬ 
ferential  plane  with  the  array  matched  for  the  eigenexcitation  e'i/R  = 

2ir/A  sin  80°,  v  -  0)  is  given  in  Figure  4-15.  By  comparing  Figure  4-11 
and  Figure  4-15,  one  can  see  that  the  element  pattern  of  Figure  4-15  is  much 
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Figure  4-9  -  Axial  Polarization,  Circumferential  Cut,  Equiphase  Match 

4-13 


3TONV 


UNCLASSIFIED 


UNCLASSIFIED 


Figure  4- 1 1 


Equiphase  Match,  Circumferential  Polarization, 
Circumferential  Cut 
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Figure  4-13  -  Circumferential  Polarization,  Axial  Cut 
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Figure  4-14  -  Circumferential  Polarization,  Axial  Cut 
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Figure  4-15  -  Circumferential  Polarization,  Circumferential  Cut 
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wider,  an  indication  that  a  better  array  coverage  h*s  been  achieved.  The 
absolute  boresight  gain  of  the  pattern  of  Figure  4-15  is  2.4  dBi,  about  3  dE 
below  the  boresight  gain  of  Figure  4-11.  Both  these  values  compare  very 
well  with  the  computations  (2.  3  dBi  and  5.  5  dBi,  respectively). 

As  expected,  edge  effects  are  more  pronounced  for  this  matching  con¬ 
dition  than  for  equiphase  match  as  seen  in  Figure  4-16.  The  element  match 
tends  to  generate  over  the  surface  of  the  cylinder  a  wave,  which,  although 
partly  radiated,  excites  the  array  edge  more  strongly  than  in  the  equiphase 
matching  conditions. 
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5.  CONCLUSION 

In  this  report  some  similarities  between  planar  and  conformal  cylindrical 
arrays  have  been  brought  to  light.  The  similarities  have  the  important  prac- 
tical  consequence  of  making  the  Wheeler  simulator  a  design  tool  for  cylin¬ 
drical  array  elements  in  many  instances. 

The  experimental  program  described  in  this  report  has  proven  that  the 
theoretical  methods  developed  previously  and  their  coverage  predictions 
[1-2]  are  indeed  correct.  The  agreement  between  experimental  and  com¬ 
puted  data  has  been  consistently  very  satisfactory.  In  particular,  the  tests 
have  shown  that  the  realized  gain  element  pattern  can  be  modified  by  means 
of  a  microwave  network  inside  the  radiator  waveguide  [  1  ] .  The  array 
pattern  can  be  shaped  so  as  to  increase  the  scan  coverage  of  the  array. 

In  summary  the  multimode  approach  to  the  investigation  of  infinite 
cylindrical  arrays  and  the  experimental  evidence  of  the  correctness  of  this 
approach  have  brought  cylindrical  array  theory  to  a  state  of  refinement 
practically  equal  to  that  for  the  plane  array. 
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APPENDIX  A 

FOURIER  TRANSFORMS  OF  VECTOR  MODE  FUNCTIONS 

Let  us  consider  the  wave  number  plane  (u,  w)  and  let  us  put: 

I  2  2  u  w 

t  =  wu  +  w  :  cos  M’  =  “  ’  ain  s  t 


then  the  polar  components  of  the  Fourier  Transform  of  the  modes  of  a 

circular  waveguide  with  radius  "a"  are  given  by  [3]  . 

TE  modes: 
nm 


i  .  Anj"->  au*  jn  («> 


t,  ■  Aj"'1  I  M 


& 


For  TM _ modes: 

nm 


B  jn+*  sin  nji 


fr) 


-  J  (at) 
n 


-  t 


(Al) 

(A2) 


(A3) 


(A4) 


where  x  and  xnm  are  the  mode  eigenvalues  and  JR  is  a  Bessel  function 
,  mn  nm 

and  J  its  derivative.  The  amplitude  factors: 
n 
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are  obtained  by  imposing  the  orthonormaliaation  condition  [3]  : 

JJ  Si  (•>  e k  <->  =  *  ik  (A5) 

The  Fourier  Transforms  of  the  cross  modes  are  obtained  from  Equations 
(Al)  through  (A4)  by  replacing  p  with  p  +  .  From  Equations  (Al)  through 

(A4),  the  rectangular  components  of  the  Fourier  Transform  of  a  mode  are 
given  by: 

•'*  Sp  COB  **  "  f|i  -in  * 


S  -6  sin  p  +  0 ,  cos  p 
w  p  r  r 
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APPENDIX  B 

DERIVATION  OF  EQUATIONS  (2-6)  THROUGH  (2-8) 

Let  us  write  Equation  (5)  as  follows: 

iC  (•>  =  Hz  (s)  z  +  (a)  9  (Bl) 

Applying  Galerkin's  method,  the  difference  between  the  expression  (Bl)  and 
(2-4)  for  the  magnetic  field  is  g  x  e  (s)  scalarly  multiplied  by  the  magnetic 
vector  mode  function  and  integrated  over  the  reference  element  aperture  A . 
The  following  equation  is  obtained  by  using  the  orthonormalization  condition 
Equation  (A5): 

[1-r  (u  )]  G  +[l  +  r  (u)]jB  =  //  (e  ,  H  -  e  H,)dA(B2) 
a  o  ao  a  o  '  ao  JJ  a  9  z  az  9 

A 

where  e  .  ande  are  the  components  of  e  (s). 
a  9  az  —a  — 

In  totally  analogous  manner,  the  following  equations  are  obtained  by 
projecting  the  difference  between  Equations  (Bl)  and  (B4)  on  e  (s)  and  e,  (s). 

"**  C  mmm  K 


-r  (u  )  (G  -  j  B  ) 
ac  — o  co  co 


e 


cz 


K  . )  dA 


(B3) 


-rekYk  '  Hs  -  *kz  V  dA  «B4' 

A 

♦  By  introducing  Equations  (B3)  in  (B5),  the  integrals  in  Equation  (B2) 

through  (B4j  car  be  evaluated.  Making  use  of  the  Fourier  Transforms  of  the 
«  vector  mode  functions,  the  following  expressions  are  established: 
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Cao  (>  ‘  ra  'Ho'1  =  1 1  +  Pa  <H0>1  ^  <«0>  -  jBj  +  ^  <uo>  (uo)  + 

8 

+Z  ra.  (Bo»  La»  ‘Bo'  <85 ) 


-Gc„  rac  <Bo>  -  1 1  +  ra  <So»  Lac  'Ho'  +  rac  <£o»  [  Lcc  <£„>  '  J  EJ  + 


(B6) 


where  the  coefficients  Lrt  (uq)  (r,  t  =  a,  c,  1,  2. . .  Q)  are  given  by. 


-f  oo  +  oo 


L  (u  )  =  /  /  [a  (u  )  £*  $ 

rt  —  o  LjLj  —opq  ru  i 


p=-°°  q=-°° 


.  +  b  (u  )  6  6 .  + 

tu  —opq  ru  tw 


-c  (u  )  6  6.  -  d  (u  )  £  £  ] 

~opq  rw  tu  —  opq  rw  tw 


where  the  star  denotes  complex  conjugate.  In  Equation  (B8)  the  simplified 
notations  used  mean  that  the  functions  in  the  square  bracket  must  be 
calculated  in  the  points  of  the  lattice  [  1  ]  of  the  u,  w  plane. 

From  Equations  (B5)  through  (B7),  Equations  (B6)  through  (B8)  are 
promptly  established. 
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